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Abstract
The polarization properties of the Compton effect in the field of a circularly polarized
electromagnetic wave are discussed. In the case of nonlinear Compton effect the behavior
of spin is analyzed. The transformation of the longitudinal polarization in the transverse
polarization is showed. We obtained the total formulas describing the polarization of the
final electron in the nonlinear case.
1.Introduction
The Compton effect is the main process obtaining from intensive high energy γ bunches
on the base of the present linear electron collider, so named electron-photon and photon-
photon collideres (PLC) [1],[2]. The polarization properties of this process are very im-
portant. For example, if the helities of initial particles are opposite the high energy part
of spectrum increased twice comparing with the nonpolarizing case.
The optimal choice of the conversion coefficient is important in the conversion scheme
(the relation between hard photon number to number of electron in bunches). The conver-
sion coefficient is proportional to the laser flash energy and its increasing in the conversion
region causes the important processes of multiple scattering electrons on a laser photon
. In this case the effects of nonlinear quantum electrodinamics are essential [3]. In this
study we consider the polarization of final electron in polarized electron scattering on a
circularly polarized laser photons via absorption of s photons from a laser wave and per-
form summation over the final-photon polarizations. Some particular cases in the problem
of final electron polarization in nonlinear QED were treated in [4] but the leading formulas
can be used only in the c.m.s. of colliding particles. However, e → γ - conversion must
be considered in a different frame where an electron with energy E ∼ 100 collides with
a laser photon with energy ω ∼ 1 . This frame will be referred as a collider frame. The
linear case of this problem was considered earlier in [5].
We shall consider the process of photon emission by an electron via simultaneous
absorption of photons from a laser wave (nonlinear Compton effect).
sγ0 + e
− → γ + e− (1)
1
The systematic investigation of such a process was performed in [7],[8]. The possibility
of observing nonlinear QED effects for an unpolarized electron beam in reaction (1) was
discussed earlier in [3]. It was shown in [2],[6] that the application of longitudinally polar-
ized electron beams and circularly polarized laser light leads to substantial improvements
in the monochromaticity of γγ collisions. Anyway probability, there are the initial-beam
polarizations that will be used in the implementation of concepts based on colliding γe
and γγ beams.
However, when we investigate the Compton scattering of a high energy electron by a
laser beam (e→ γ conversion) at a comparatively large conversion ratio, we must take into
consideration multiple electron scattering by laser photons. Because the required formulas
were not available the similar calculations have already been performed in papers [9], but
they either considered the conversion of unpolarized particles or disregarded the change
in electron polarization in the scattering process . However, it is necessary to know the
polarization of the final electron, since it is the initial electron for the next scattering
event.
In this paper we calculate the polarization of the final electron and discuss its charac-
teristics features. It is found that polarization effects are essential and that they must be
taken into account in calculations dealing with multiple scattering.
2. The bases for polarization describing
of initial and final particles
Nonlinear QED processes are characterized by the parameter
ξ2 =
e2F 2h¯2
m2ω20c
2
,
where F -is the strength of the electromagnetic-wave field, m-is the mass of electron, ω0 is
the energy of laser photon. At ξ2 ≪ 1 an electron interacts only with one photon (usual
Compton effect), at ξ2 ≫ 1 an electron interacts with a collective field (synchrotron
radiation). The transverse motion of electron in the electromagnetic-wave field leads
to increase the effective electron mass m2
∗
= m2(1 + ξ2) and changes the spectrum of
scattering photons: the high energy part of the spectrum with s = 1 squeezes and the
high energy tail appears, corresponding to the absorption from the wave two or more
laser photons. Considering that the electron in the electromagnetic-wave field becomes
”heavier” we can write the energy-momentum conservation law in the form
q1 + sk1 = q2 + k2,
where q1, q2 ”quasimomentums” of initial and final electrons
q1 = p1 + ξ
2 m
2
2(k1p1)
k1, q2 = p2 + ξ
2 m
2
2(k1p2)
k1.
Let us introduce the invariants for describing of scattering process:
x =
2p1k1
m2
, y =
k1k2
p1k1
.
Let ζ and ζ′ — be the polarization vectors of the initial and final electrons. They
determine the electron-spin 4-vectors as
σ =
(
ζp1
m
, ζ + p1
ζp1
m(E1 +m)
)
, σ′ =
(
ζ′p2
m
, ζ′ + p2
ζ′p2
m(E2 +m)
)
2
and the average helicities of the initial and final electrons as
λe =
ζp1
2|p1| , λ
′
e =
ζ′p2
2|p2| .
In the collider system we choose the z axis along the initial electron momentum. We
denote by θ and ϕ the polar and azimuthal angles of final photon emission. All azimuthal
angles are defined with respect to the fixed x axis. In this frame, the expression to which
the invariants are reduced for θ≪ 1 are given by
x =
4E1ω1
m2
, y =
ω2
E
= 1− E2
E1
;
ζ1 = ζ
[k1,k2]
|[k1,k2]| = ζ⊥ sin (ϕ− β),
ζ2 = ζ
k2⊥
|k2⊥|
= ζ⊥ cos (ϕ− β), ζ3 = 2λe,
where ω2 and E2 are the energies of the final photon and electron, k2⊥ and ζ⊥ are the
transverse components of the vectors k2 and ζ with respect to the vector q, ϕ and β are
the azimuthal angles of k2 and ζ; ζ⊥ = |ζ⊥|.
Thus, ζ1 is the initial-electron transverse polarization that is orthogonal to the scat-
tering plane, ζ2 is the transverse polarization lying in this plane.
We decompose the spin 4-vectors on the orthogonal system of bases vectors The bases
vectors, describing the polarization state of initial particles are given
e0 =
p1
m
, e1 = n3,
e2 = − z
2ξ
√
sxy
x(1 − y)(n0 − n1)− n2, e3 = 1
m
(p1 − 2
x
k).
For the final particles the basic vectors have the form
e′0 =
p2
m
, e′1 = n3,
e′2 = −
z
2ξ
√
sxy
x(n0 − n1)− n2, e′3 =
1
m
(p2 − 2
x(1− y)k).
In this expressions
n0 =
K
m
√
sxy
, n1 =
q
m
√
sxy
, n2 =
ξy
mzx(1 − y)P⊥,
nα3 =
ξ
sm3zx2(1− y)e
αµρνKµqρPν ,
where
K = sk1 + k2, q = k2 − sk1 = q1 − q2, P⊥ = P − PK
K2
K, P = q1 + q2,
z =
2sξ√
1 + ξ2
√
r(1− r), r = y(1 + ξ
2)
(1− y)sx.
These bases differ from the bases chosen in [5], here we have made a turn around the
axes z′ at the angle θ∗ which is considered to be a scattering angle of a photon in the rest
frame of initial electron
cos θ∗ = 1− 2y
sx(1 − y)− ξ2y .
3
We can represent the 4-vectors of spin σ and σ′ as
σ =
∑
j
ζjej , ζj = −σej , , σ′ =
∑
j
z′je
′
j , z
′
j = −σ′e′j .
In the collider frame ζ ′ mean
ζ ′1 = ζ
′
⊥
sin(ϕ− β ′), ζ ′2 = ζ ′⊥ cos(ϕ− β ′), ζ ′3 = 2λ′e,
where ζ ′
⊥
is the transverse component of the vector ζ ′ with respect to the vector p2,
and β ′ is the azimuthal angle for the direction ζ ′. Thus ζ ′3 is the double helicity of final
electron, ζ ′2 is the transverse polarization lying in scattering plane, and ζ
′
1 is orthogonal
to this plane.The invariants ζj and z
′
j completely characterize the polarization properties
of electrons.
3. Differential probability of emission
We will calculate the probability of the process (1) using the method of quantum
transition.As for the basis we use the exact nonstationary solutions of the Dirac equation
(Volkov’s solutions ). We take into account the electron interaction with the external
field . Electron interaction with the field of emitted photons is considered with the help
of perturbation theory.
The amplitude of the electron transition from the state ψp1 in the wave field to the
state ψp2 with the emission of a photon of momentum k2 and polarization ε2 is given by
M = e
∫
Ψ¯p2(x)εˆ
∗
2Ψp1(x)
e−ik2x√
2E2
d4x. (2)
where ε2 is the final-photon polarization, Ψp1(x) (Ψ¯p2(x)) is the exact solution of the
Dirac equation for an electron in the field of a circularly polarized wave :
Ψp1(x) = (1 +
ek1Aˆ
2k1p1
)up1 exp(ie
a1p1
k1p1
sin(ϕ)− iea2p1
k1p1
cos(ϕ) + iqx), ϕ = k1x,
The vector potential of a circularly polarized electromagnetic wave has the form
A = a1 cosϕ+ Pca2 sinϕ,
where k1a1 = k1a2 = a1a2 = 0, a
2
1 = a
2
2 = a
2. The average helicity of final (laser) photon
Pc coincide with the Stokes parameter ξ2. The density matrices of the polarized electrons
are given by the standard form
ρ =
1
2
(pˆ1 + 1)(1− γ5σˆ), ρ′ = 1
2
(pˆ2 + 1)(1− γ5σˆ′),
where σ, σ′ are 4-vectors of electron spin.
The density matrice of a final photon is
νik = e
′
ie
′∗
k = −
gik
2
Using the standard techniques developed in [7],[8] we can easily calculate the proba-
bility of process (1) and perform summation on final-photon polarizations.
dWs =
αm2
2E1
ξ2dϕdy
(
F 0000 + Pc
3∑
i=1
(F 00i2 ζi + F
i0
02ζ
′
i) +
3∑
i=1
3∑
j=1
F j0i0 ζiζ
′
j
)
, (3)
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where α = e2/4pi. Nonzero coefficients F j0ik are given
F 0000 = −
2
ξ2
J2s (z) +
(
1 +
y2
2(1− y)
)
(J2s+1(z) + J
2
s−1(z)− 2J2s (z))
F 0032 = F
30
02 = Js(z)J
′
s(z)
s(2 − y)
z
(
z2x
ξ2s
− 2 y
1− y
)
F 0022 = −2Js(z)J ′s(z)
y
ξ
F 2002 = −2Js(z)J ′s(z)
y
ξ(1− y) (4)
F 3030 = J
2
s (z)
1
ξ2
(
2− (2 + ξ2)y
2 − 2y + 2
1− y
)
+
1
2
y2 − 2y + 2
1− y (J
2
s+1(z) + J
2
s−1(z))
F 3020 =
(
−2s
z
y
ξ
+
z
ξ3
x(1− y)
)
J2s (z)
F 2030 =
(
2s
z
y
ξ(1− y) −
z
ξ3
x
)
J2s (z)
F 2020 = F
10
10 =
(
J2s+1(z) + J
2
s−1(z)
)
− 2
(
1
ξ2
+ 1
)
J2s (z),
where Js(z) is Bessel function.
4. Numerical calculations
For numerical calculations the physical parameters characterizing the region of laser
conversion are chosen in accordance with [10]. In the conversion scheme it has been
proposed to use a solid-state laser with laser photon energy ω0 = 1.17 . Let us choose
the parameter x = 4.8. Which is according to the threshold of e+e− pair production at
collision of laser photon with high energy scattering photon. The length of the conversion
region characterized by a high density of laser photon lγ is close to the length of the
electron bunch le. It is convenient to express the parameter ξ
2 in terms of the energy A,
the duration τ and the radius aγ of the laser beam at the point of intersection
ξ2 =
A
A∗
, where A∗ =
τc
4
·
(
meω0aγc
eh¯
)2
.
The conversion coefficient k connect with the laser flash energy by relation
k = Nγ/Ne ∼ 1− exp(−A/A∗) ∼ A/A∗,
thus at x = 4.8 and k = 1 we get ξ2 = 0.05E[TeV ]/lγ [10]. If lγ = 200µm and E = 100
Gev, then ξ2 = 0.25. The expression (3) for the differential probability can be written in
the following way
dWs =
αm2
2E1
ξ2dϕdy
(
G0 +
3∑
i=1
Giζ
′
i
)
,
where
G0 = F
00
00 + PcF
00
32 ζ3 + PcF
00
22 ζ2,
G1 = F
10
10 ζ1,
G2 = PcF
20
02 + F
20
30 ζ3 + F
20
20 ζ2,
G3 = PcF
30
02 + F
30
30 ζ3 + F
30
20 ζ2.
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The components of the polarization vector of final electron are given
ζ ′f1 =
G1
G0
, ζ ′f2 =
G2
G0
, ζ ′f3 =
G3
G0
. (5)
These formulas determine completely the polarization of final electron in the field of
intensive electromagnetic wave. The case ξ ≫ 1 is described in the Appendix.
In figures 1-6 the numerical calculations present the components of the polarization
vector of final electron dependence ζ
′(f)
i as functions of its energy y1 = E
′/E = 1− y for
various degrees of polarization of the initial electron and photon at x = 4.8. The number
of absorbed laser photons s = 5 and the parameter ξ2 = 0.25. Here ζ
′(f)
1 is the final
electron transverse polarization in the direction orthogonal to the scattering plane, ζ
′(f)
2
is the transverse polarization in this plane and ζ
′(f)
3 is the double average helicity. The
analogous quantities for the initial electron are denoted by ζ1, ζ2 ζ3 = 2λe; Pc is the
average helicity of initial photon. For the figures 1-6 we indicate nonzero components of
the initial particles, for the figures 1-5 ζ
′(f)
1 = 0.
The appearance of the essential transverse polarization on the scattered electron is
the common property shown in the figures. The transverse polarization takes place even
in the case when the initial electron is not polarized. The electron polarization in the
scattering plane changes the sign by altering the laser photon helicity (see.fig.1b and 2b).
Hard scattering electrons for which y1 ≈ 1 conserve their helicity. In the soft region (small
y1) scattered electrons get the longitudional polarizations its sign depends on laser photon
polarization sign. In this region the multiple photon absorption is essential.
We note, that at ξ2 ≪ 1 and s = 1 we get the results of[5].
We are very grateful to I. Ginzburg, G. Kotkin and V. Serbo for useful discussions.
Appendix
In the Appendix we shall consider the formulas for the probability of photon radiation
by electron at large values ξ. The large value ξ can be obtained from decreasing the
frequency at fixed field strength.
With increasing ξ the energy of wave the quant decreases but the number of absorption
photons from electromagnetic wave increases s ∼ ξ3 and the mean energy and momentum
of final electron increase effectively. The values are
x∗ =
2k1p1
m2
ξ, y, ρ1 =
α1
8β
, ρ2 =
α2
8β
,
where
β = −ξ
2m2
8
( 1
k1p1
− 1
k1p2
)
=
ξ2y
4x∗(1− y) ,
does not depend on ξ. The variables ρ1,2 are connected with azimuthal angle ϕ0 as
ρ1 =
z
8β
cosϕ0, ρ2 =
z
8β
sinϕ0,
where
cosϕ0 =
α1
z
, sinϕ0 =
α2
z
.
Note that at z ∼ ξ3 the value z/8β leads to unit effectively
We describe the difference of z/8β from the unit as the new variable τ :
z = 8β
√
1 +
2τ
ξ
=
2ξ3y
x∗(1− y)
√
1 +
2τ
ξ
.
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Let’s consider the probability of photon radiation by electron. Changing the order of
integration and summation in the expression of the probability, we get
W =
∞∑
s=1
∫ 2pi
0
dϕ
∫ 1
0
dyw =
∫ 2pi
0
dϕ
∫ 1
0
dy
∞∑
s>smin
w,
where
smin =
ξ3y
x∗(1− y)
(
1 +
1
ξ2
)
.
At ξ ≫ 1 the large number of terms and the sum can be changed by the integral.
From the dependence z ands it follows that
s =
ξ3y
x∗(1− y)
(
1 +
2τ
ξ
)
+ smin,
Then
W =
∫ 2pi
0
dϕ
∫ 1
0
dy
∫
∞
−ξ2/2
dτ
2ξ2y
x∗(1− y)w.
At ξ ≫ 1 the value z ∼ s ∼ ξ3, but their relation leads to the unit,
σ = ξ2
(
1− z
2
s2
)
= 1 + τ 2,
and the function Bessel can be changed by the asymptotic Vatson representation
Js(z) ≈ 1
pi
(
2
s
)1/3
Ai(θ), θ =
(
s
2
)2/3 (
1− z
2
s2
)
=
(
y
x∗(1− y)
)2/3
,
where Ai(θ) is the Eiri function.
Using this representation we finally get
W (∞, x∗) = 2 αm
2
E1pi2
∫ 2pi
0
dϕ
∫ 1
0
dy
∫
∞
−∞
dτ
(
θ
σ
)1/2F 0000 + Pc
3∑
i=1
(
F 00i2 ζi + F
i0
02ζ
′
i
)
+
3∑
i=1
3∑
j=1
F j0i0 ζiζ
′
j

 ,
where
F 0000 = −Ai2(θ) +
σ
θ
(1 +
y2
2(1− y))
(
θAi2(θ) + A´i
2
(θ)
)
F 0032 = F
30
02 = −
(
σ
θ
)1/2 y(2− y)
1− y Ai(θ)A´i(θ)τ
F 0022 =
(
σ
θ
)1/2
Ai(θ)A´i(θ)y
F 2002 =
(
σ
θ
)1/2
Ai(θ)A´i(θ)
y
1− y
F 3030 =
y − y2 − 1
1− y Ai
2(θ) +
1
2
y2 − 2y + 2
1− y
σ
θ
(
θAi2(θ) + A´i
2
(θ)
)
F 3020 = Ai
2(θ)yτ
F 2030 = Ai
2(θ)
y
1− yτ
F 2020 = F
10
10 = −Ai2(θ) +
σ
θ
(
θAi2(θ) + A´i
2
(θ)
)
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The polarization of final electron is determined by formulae (5), where
G0 =
∫
∞
−∞
dτ
(
F 0000 + PcF
00
32 ζ3 + PcF
00
22 ζ2
)
,
G1 =
∫
∞
−∞
dτ
(
F 1010 ζ1
)
,
G2 =
∫
∞
−∞
dτ
(
PcF
20
02 + F
20
30 ζ3 + F
20
20 ζ2
)
,
G3 =
∫
∞
−∞
dτ
(
PcF
03
02 + F
30
30 ζ3 + F
30
20 ζ2
)
.
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Figure 1: Components of the polarization vector of the scattered electron of its energy
ζ
′(f)
2 , ζ
′(f)
3 at 2λe = 1, Pc = −1;
Figure 2: Components of the polarization vector of the scattered electron of its energy
ζ
′(f)
2 , ζ
′(f)
3 at 2λe = 1, Pc = +1;
Figure 3: Components of the polarization vector of the scattered electron of its energy
ζ
′(f)
2 , ζ
′(f)
3 at 2λe = 0, Pc = +1;
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Figure 4: Components of the polarization vector of the scattered electron of its energy
ζ
′(f)
2 , ζ
′(f)
3 at ζ2 = −1, Pc = 1;
Figure 5: Components of the polarization vector of the scattered electron of its energy
ζ
′(f)
2 , ζ
′(f)
3 at ζ2 = −1, Pc = −1;
Figure 6: Components of the polarization vector of the scattered electron of its energy
ζ
′(f)
2 , ζ
′(f)
3 , ζ
′(f)
3 at ζ1 = −1, Pc = −1;
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